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Motivation 

•  Many natural systems exhibit nonlinear behavior: 
 

•   In some cases, underlying dynamics may be well understood 
•  Systems can be modeled as dynamical systems 
•  For systems that can be modeled numerically and observed, 

applying data assimilation techniques to improve forecast has 
yielded great success 

•  Some systems lack models and observational data 
•  Only available information may time series single state variable 
•  Many degrees of freedom that cannot be simultaneously measured 

•  Time series may exhibit low-dimensional dynamics, i.e., 
attractor 
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Mo'va'on	  
•  Magnetosphere	  is	  a	  low-‐dimensional	  dynamical	  system	  
•  Substorms	  are	  a	  magnetosperic	  response	  to	  solar	  wind	  driver	  
•  Magne'c	  field	  in	  the	  auroral	  region	  is	  measured	  in	  several	  

loca'ons	  
•  Indices	  constructed	  the	  envelope	  of	  the	  horizontal	  

component	  resul'ng	  in	  scalar	  'me	  series	  
•  AL	  index	  is	  a	  measure	  of	  substorm	  dynamics	  
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Objective 

•  Develop	  techniques	  for	  predic'on	  based	  on	  limited	  data	  

§  Approach:	  Integra'on	  of	  
§  Phase	  space	  reconstruc'on	  
§  Singular	  Spectrum	  Analysis	  
§  Ensemble	  Kalman	  Filter	  (EnKF)	  

§  Apply	  this	  technique	  to	  the	  AL	  index	  to	  predict	  future	  
values	  
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Test Case: Lorenz Attractor 

•  Generate points on the Lorenz attractor – Only available 
information is a time series of the x coordinate at discrete times t 

•  Use this dataset to serve as a model with no error, mimicking 
measurements of a high accuracy instrument 
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Scalar	  Time	  Series	  

Observe	  

Time	  Delay	  Coordinates	  
•  Construct	  mul'variate	  state	  vectors	  from	  scalar	  'me	  series	  by	  sampling	  series	  at	  

regular	  'me	  intervals	  
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Singular	  Spectrum	  Analysis	  (SSA)	  

PC1PC2

PC
3

•  Iden'fy	  modes	  that	  explain	  most	  variability	  in	  the	  'me	  
domain	  

•  Es'mate	  an	  upper	  bound	  of	  the	  number	  of	  degrees	  of	  
freedom	  necessary	  to	  represent	  dynamics	  

•  Construct	  and	  orthogonal	  basis	  to	  represent	  dynamics	  
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Principal	  Components	  
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Principal	  Components	  
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Reconstruc'on	  from	  
Principal	  Components	  
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Data	  Assimila'on:	  Kalman	  Filter	  

Truth	  

Observa-on	  

•  Forecasts	  of	  nonlinear	  systems	  have	  strong	  dependence	  on	  ini'al	  condi'ons	  
•  Observa'ons	  contain	  errors	  and	  as	  do	  forecasts	  based	  on	  models	  
•  Combining	  observa'ons	  and	  previous	  forecasts	  yields	  a	  beaer	  es'mate	  of	  

true	  state	  of	  system	  

tk-‐	   tk+1	   tk+2	  

Observation 
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Data	  Assimila'on:	  Kalman	  Filter	  

Forecast	  

tk-‐	   tk+1	   tk+2	  

Model Forecast 
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Data	  Assimila'on:	  Kalman	  Filter	  

Analysis	  

tk-‐	   tk+1	   tk+2	  

Analysis 
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Data	  Assimila'on:	  Kalman	  Filter	  

Forecast	  ini-a-ng	  from	  Analysis	  

tk	   tk+1	   tk+2	  

Model Forecast 
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Data	  Assimila'on:	  Kalman	  Filter	  

tk	   tk+1	   tk+2	  
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Data	  Assimila'on:	  Kalman	  Filter 

Model Forecast 

Observations 

Analysis 
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Data	  Assimila'on:	  Ensemble	  
Transform	  Kalman	  Filter	  

Forecast	  
Ensemble	  

tk-‐1	   tk	   tk+1	  

Forecast Ensemble 
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Ensemble	  mean	  

Ensemble	  spread	  



Data	  Assimila'on:	  ETKF	  

Analysis	  
Ensemble	  
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tk-‐1	   tk	   tk+1	  

Analysis Ensemble 



Data	  Assimila'on:	  ETKF	  

Forecast	  Ensemble	  star-ng	  
from	  Analysis	  Ensemble	  

tk-‐1	   tk	   tk+1	  
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Data	  Assimila'on:	  ETKF	  

tk-‐1	   tk	   tk+1	  
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ETKF in Reconstructed Space 
“Model” Forecast 

Observations 

Analysis 

Nearest Neighbors (NN) 

Analysis ensemble members do not lie on 
the attractor 

Locate nearest neighbors 
of analysis ensemble 
members to serve as 
analogs to make forecasts 

Use a dense data set of points on the 
attractor (model) to advance NN analysis 
ensemble to the end of the analysis 
window 

Observations of a single variable 
(i.e. the AL index) become 
multivariate when embedded and 
projected onto singular vectors 
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Applica'on	  to	  AL	  Index	  
•  First	  the	  Index	  is	  filtered	  using	  a	  low	  pass	  Lanczos	  filter	  to	  remove	  high	  

frequency	  noise	  
•  Time	  delay	  of	  40	  minutes	  is	  used	  
•  For	  a	  good	  reconstruc'on,	  10	  out	  of	  25	  principal	  components	  are	  necessary	  
•  Model	  data:	  one	  year	  of	  one	  minute	  resolu'on	  data	  from	  2000	  

•  Singular	  vectors	  obtained	  from	  model	  data	  
•  Truth	  data:	  High	  speed	  stream	  event	  on	  April	  29-‐May	  2,	  2011	  

•  	  Principal	  components	  obtained	  by	  projec'ng	  'me	  delay	  vectors	  onto	  model	  
singular	  vectors	  
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Principal	  Components	  	  
of	  the	  AL	  Index	  
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Observa'ons	  of	  the	  	  
Principal	  Components	  
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1	  Minute	  Forecasts	  of	  the	  
Principal	  Components	  
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Analysis	  of	  the	  
Principal	  Components	  
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Reconstruc'on	  of	  the	  AL	  Index	  
from	  Forecasts	  
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ETKF	  in	  Principal	  Component	  Space	  0 1000 2000 3000 4000 5000 6000 7000
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1	  Minute	  Forecast	  of	  AL	  Index	  
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10	  Minute	  Forecasts	  of	  the	  
Principal	  Components	  
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10	  Minute	  Forecasts	  of	  the	  
AL	  Index	  
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Summary	  
•  Dynamics	  of	  low	  dimensional	  dynamical	  systems	  can	  be	  reconstructed	  

from	  a	  'me	  series	  of	  a	  single	  variable	  
•  For systems where there is an attractor, this technique allows for the 

estimate of the future state of the system in reconstructed phase 
space without use of a dynamical model 

•  Application of this technique to the time series of the AL Index 
results in forecasts that capture many features of the HSS event  

 Future	  Work	  
•  Implement	  4D-‐ETKF	  to	  take	  advantage	  of	  all	  observa'on	  for	  longer	  

assimila'on	  windows	  
•  Con'nue	  to	  explore	  the	  distribu'on	  of	  points	  in	  model	  data	  by	  increasing	  

number	  of	  model	  data	  points	  
•  Improve	  search	  algorithms	  for	  nearest	  neighbors	  

5/21/14	   LWS	  Techinical	  Interchange	  Mee'ng	  2014	   38	  


